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Abstract
A d-dimensional dual hyperoval Sd+1σ,φ with φ monomial is of polar type if and only if d is even, φ ∈
Gal(GF(2d+1)/GF(2)) and σφ2 = idGF(2d+1).
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1. Introduction
Let V be a vector space over a finite field GF(q) with q elements. A family A of (d + 1)-
dimensional subspaces of V is called a d-dimensional dual arc (abbreviated to d-dual arc) over
GF(q) if it satisfies the following conditions.
(1) dim(X ∩ Y) = 1 for every distinct members X and Y of A.
(2) X ∩ Y ∩ Z = {0} for mutually distinct members X,Y,Z of A.
The subspace of V spanned by the members of A is called the ambient space of A. It is easy
to see that a d-dual arc has at most ((qd+1 − 1)/(q − 1)) + 1 members. If the upper bound is
attained, A is called a d-dimensional dual hyperoval (abbreviated to d-dual hyperoval).
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f dim(W)
Symplectic 2(d + 1)
Unitary 2(d + 1)
2(d + 1) + 1
Orthogonal 2(d + 1) + 1
Plus orthogonal 2(d + 1)
Minus orthogonal 2(d + 2)
A d-dual arc A with ambient space W is said to be of polar type with respect to f , if f is a
(nondegenerate) symplectic, unitary or orthogonal form on W for which each member of A is a
maximal totally isotropic subspace of W . Then (f,dim(W)) is one of the pairs given in Table 1.
Notice that q is a square if f is unitary, and that the dimension of the ambient space of a
d-dual hyperoval of polar type is approximately 2(d + 1).
There are four known infinite families of d-dual hyperovals [7, Section 5]. We will investigate
whether each family contains dual hyperovals of polar type.
The first family is called the Veronesean dual hyperoval over GF(q), denoted V˜d(q), which
is defined for every power q of 2 and has the ambient space of dimension (d + 1)(d + 2)/2 [5].
The second family is called the characteristic dual hyperoval, which is defined over GF(2) and
has the ambient space of dimension (d + 1)(d + 2)/2 [1]. Consulting the dimensions of the
ambient spaces given in Table 1, we can verify that a d-dual hyperoval belonging to one of
these families is of polar type only when d = 2 or 3. There is no 3-dual hyperoval of polar
type by [6, Proposition 5]. On the other hand, there are two 2-dual hyperovals of polar type
up to isomorphism [6, Proposition 4]: one is over GF(2) with respect to an orthogonal form
of plus type. This isomorphism class contains both V˜2(2) and a characteristic 2-dual hyperoval
(corresponding to the empty set). The other one is defined over GF(4) with respect to a unitary
form, which has the Mathieu group M22 as an automorphism group, but belongs to none of the
four known families.
Thus we can restrict ourselves to the other two families. One of them is constructed by
Taniguchi [4], and it turns out to be a quotient of the Veronesean dual hyperoval [8]. It follows
from [6, Proposition 8] that d-dual hyperovals in this family with ambient space of dimension
2(d + 1) are not of polar type.
The unique remaining family is denoted Sd+1σ,φ , which is defined over GF(2) and has the am-
bient space of dimension 2d +1 or 2(d +1) according as σφ = idGF(2d+1) or not. It is defined for
every generator σ of the Galois group Gal(GF(2d+1)/GF(2)) and the bijection φ on GF(2d+1)
induced by an o-polynomial φ(X) in GF(2d+1)[X]. It is shown in [6, Propositions 6, 7] that
if φ lies in Gal(GF(2d+1)/GF(2)) then Sd+1σ,φ is of polar type if and only if d is even and
σφ2 = idGF(2d+1).
The aim of this paper is to generalize this result. The arguments in [6] heavily depend on the
assumption that φ lies in Gal(GF(2d+1)/GF(2)). Then φ(X) is explicitly determined as X2m
for an integer m coprime with d + 1. The proof is reduced to solving some congruence relations
among the sums of 2h’s modulo 2d+1 − 1. In the case when φ(X) = X6 with d even, the first
author showed that Sd+1σ,φ is never of polar type by the arguments similar to the above [3]. It is
important there to obtain a polynomial of degree 68, starting from the explicit shape X6.
In the discussions with the first author to understand the meaning of these calculations, the
second author obtained an idea to simplify them. Joint works along with it are completed in the
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shape of φ(X). We only require that φ(X) is a (monic) monomial polynomial.
Theorem 1. Assume that φ(X) is a monomial o-polynomial. Then Sd+1σ,φ is of polar type if and
only if d is even, φ ∈ Gal(GF(2d+1)/GF(2)) and σφ2 = idGF(2d+1).
2. Dual hyperoval Sd+1σ,φ
Let d be a natural number with d  2, and set q := 2d+1. Choose a generator σ of the Galois
group Gal(GF(q)/GF(2)). Let φ(X) be an o-polynomial of GF(q)[X], and let φ be the bijection
on GF(q) given by φ(X):
φ : GF(q)  x → φ(x) ∈ GF(q).
Recall that an o-polynomial φ(X) is a polynomial of GF(q)[X] satisfying the following three
conditions:
(1) φ(0) = 0, φ(1) = 1.
(2) φ : GF(q)  x → φ(x) ∈ GF(q) is a bijection.
(3) For each s ∈ GF(q), the map φs : GF(q) → GF(q) :x → φ(x+s)−φ(s)x is a bijection, where
we understand φs(0) = 0.
Set V := GF(q) ⊕ GF(q) = {(x, y) | x, y ∈ GF(q)}, which is regarded as a vector space over
GF(2) of dimension 2(d + 1). For all t ∈ GF(q), we set
X(t) := {(x, xσ t + xtφ) ∣∣ x ∈ GF(q)}. (1)
Then X(t) is a subspace of V of dimension d + 1. Consider the family
Sd+1σ,φ :=
{
X(t)
∣∣ t ∈ GF(q)}.
It can be verified that Sd+1σ,φ is a d-dimensional dual hyperoval. The ambient space W of Sd+1σ,φ
is V , unless σφ = idGF(q). In the exceptional case, W is a hyperplane of V .
In this paper, we adopt the following convention on homomorphisms of the cyclic group
GF(q)× with itself. The set End(GF(q)×) of such homomorphisms has a structure of a ring
under the addition and product defined by
xα+β = xαxβ and xαβ = (xα)β for x ∈ GF(q)×, α,β ∈ End(GF(q)×).
As GF(q)× is a cyclic group, the ring is commutative, that is, αβ = βα for every α,β in
End(GF(q)×). This allows us to substitute a homomorphism into a polynomial over the ratio-
nal integers. Precisely, for a polynomial f (X) =∑ni=0 aiXi ∈ Z[X] and α ∈ End(GF(q)×), the
homomorphism f (α) is defined as follows:
(x)f (α) = (xa0)(xa1)α(xa2)α2 · · · (xan)αn
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GF(q)× → GF(q) :x → xσ /x.
If a homomorphism α ∈ End(GF(q)×) is invertible (that is, α is an automorphism of GF(q)×),
we denote its inverse map by 1
α
. Remark that σ − 1 is an invertible element of End(GF(q)×),
because σ is a generator of the Galois group Gal(GF(q)/GF(2)) over the two element field.
Then the symbol 1
σ−1 makes sense. From the definition of an o-polynomial φ(X), the map φ − 1
is a bijection on GF(q)×, as it is given by the polynomial φ0(X). However, φ − 1 is not in
End(GF(q)×) in general. If φ(X) is a monomial o-polynomial, then φ −1 lies in End(GF(q)×).
Then, for example, the following endomorphisms are well defined:
1 − φσ
1 − σ ,
1 − φσ
φ − 1 .
Furthermore, for example, the following equality holds in End(GF(q)×):
(1 − φσ)2 = 1 − 2σφ + σ 2φ2.
3. Proof of Theorem 1
In this section, we will prove Theorem 1. We only show the “only if” part, because “if” part
was already proved in [6]. In the sequel, we set q = 2d+1, and we assume that Sd+1σ,φ satisfies the
following two conditions:
(i) φ(X) is monomial.
(ii) Sd+1σ,φ is of polar type with respect to a form f .
We start with a few remarks. First, notice that σφ 	= idGF(q), and hence its ambient space
coincides with V . For otherwise, the ambient space of Sd+1σ,φ is of dimension 2d + 1. However,
then Sd+1σ,φ is not of polar type, in view of Table 1 in the introduction.
Since V is a vector space over GF(2), the form f is either symplectic or (plus) orthogonal.
If f is an orthogonal form, the bilinear form associated with f is a symplectic form for which
every member of Sd+1σ,φ is a maximal totally isotropic subspace. Thus we may assume that f is a
symplectic form.
The proof of Theorem 1 will be split into several steps. We define two bilinear forms associ-
ated with f . For x, y, v ∈ GF(q), set
g(x, v) := f ((x,0), (0, v)) and h(y, v) := f ((0, y), (0, v)). (2)
Then we have
f
(
(x, y), (u, v)
)= g(x, v) + g(u, y) + h(y, v), (3)
which can be verified as follows. By the bilinearity of f , we have
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(
(x, y), (u, v)
)= f ((x,0) + (0, y), (u,0) + (0, v))
= f ((x,0), (u,0))+ f ((x,0), (0, v))+ f ((0, y), (u,0))+ f ((0, y), (0, v)).
Since X(0) = {(x,0) | x ∈ GF(q)} is totally isotropic with respect to f , we have f ((x,0),
(u,0)) = 0. As f is symplectic, we have f ((0, y), (u,0)) = f ((u,0), (0, y)). Then it fol-
lows from the definitions of g and h (Eq. (2)) that the last value above coincides with
g(x, v) + g(u, y) + h(y, v).
As f is bilinear, g and h are bilinear as well in view of definition (2). By Eq. (3) and the fact
that f is a symplectic form, we have
0 = f ((u, v), (u, v))= g(u, v) + g(u, v) + h(v, v) = h(v, v).
Hence we verified the following.
Lemma 2. The function h is an alternating form over GF(q).
We will describe g in terms of the trace function for GF(q)/GF(2) (see Lemma 4), which
can be implicitly found in the proof of [6, Proposition 6]. In the remainder of this paper, Tr
denotes the trace map for GF(q)/GF(2): Tr(x) := ∑τ∈Gal(GF(q)/GF(2)) xτ for x ∈ GF(q). For
each b ∈ GF(q)×, Tb and gg denote the GF(2)-linear forms on GF(q) given by
Tb(x) := Tr(bx) and gb(x) = g(b, x) = f
(
(b,0), (0, x)
)
for x ∈ GF(q).
Notice that every hyperplane of GF(q) is uniquely written as Ker(Tb), the kernel of Tb , for some
b ∈ GF(q)×. This follows from [2, 2.24 Theorem], as Tr is a linear map onto the two elements
field. Furthermore, gb 	= 0 for b ∈ GF(q)×, for otherwise f ((b,0), (x, y)) = g(b, y)+ g(x,0)+
h(0, y) = gb(y) = 0 for all (x, y) ∈ V and we would have (b,0) = (0,0) by the nondegeneracy
of f . In particular, the kernel Ker(gb) (b ∈ GF(q)×) is a hyperplane of GF(q) as well.
Lemma 3. For every t ∈ GF(q)×, the subset Y(t) := {yσ t + ytφ | y ∈ GF(q)} coincides with
Ker(Tt(φσ−1)/(1−σ) ) = {a ∈ GF(q) | Tr(t(φσ−1)/(1−σ)a) = 0}.
Proof. The set Y(t) is a hyperplane of GF(q), because it is the image of the GF(2)-linear map
y → yσ t + ytφ with kernel {0, t (φ−1)/(σ−1)}. For every element yσ t + ytφ of Y(t), we have
Tr
(
t (φσ−1)/(1−σ)
(
yσ t + ytφ))
= Tr(t (φσ−1+1−σ)/(1−σ)yσ )+ Tr(t (φσ−1+φ(1−σ))/(1−σ)y)
= Tr(t (σ (φ−1))/(1−σ)yσ )+ Tr(t (φ−1)/(1−σ)y)= 0,
as Tr is invariant under σ ∈ Gal(GF(q)/GF(2)). Thus
Y(t) ⊆ {a ∈ GF(q) ∣∣ Tr(t (φσ−1)/(1−σ)a)= 0}= Ker(Tt(φσ−1)/(1−σ) ).
Since the both sides of this inclusion relation are hyperplanes of GF(q), they coincide with each
other. 
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γ := 1 − φσ
φ − 1 (4)
on GF(q)× and by 0γ = 0. Then the following hold:
(1) For all x, v ∈ GF(q), we have
g(x, v) = Tr(xγ v). (5)
(2) γ lies in Gal(GF(q)/GF(2)).
Proof. Let t and y be any elements in GF(q) with t 	= 0. The member X(t) of Sd+1σ,φ is totally
isotropic with respect to f and it contains X(t) ∩ X(0) = {(0,0), (t(φ−1)/(σ−1),0)}. Then we
have
0 = f ((t (φ−1)/(σ−1),0), (y, yσ t + ytφ))
= g(t (φ−1)/(σ−1), yσ t + ytφ)+ g(y,0) + h(0, yσ t + ytφ),
using Eq. (3). As g and h are bilinear, g(y,0) = 0 and h(0, yσ t + ytφ) = 0. Thus we have
g(t(φ−1)/(σ−1), yσ t + ytφ) = 0, or equivalently
gt(φ−1)/(σ−1)
(
yσ t + ytφ)= 0
with the notation introduced before Lemma 3. Hence the hyperplane Y(t) in Lemma 3 is con-
tained in the kernel of the GF(2)-linear form gt(φ−1)/(σ−1) , which is a hyperplane of GF(q). Thus
we have
Y(t) = Ker(gt(φ−1)/(σ−1) ).
This equation and Lemma 3 imply that the kernels of two bilinear forms Tt(φσ−1)/(1−σ) and
gt(φ−1)/(σ−1) coincide with each other. Since both forms take values at GF(2), we have
gt(φ−1)/(σ−1) =Tt(φσ−1)/(1−σ) for every t ∈ GF(q). Setting s := t (φ−1)/(σ−1), we have t (φσ−1)/(1−σ) =
s(1−φσ)/(φ−1). Hence
gs = Tsγ , (6)
for all s ∈ GF(q)×. This proves the claim (1).
As g is bilinear, we have
gs+t = gs + gt
for all s, t ∈ GF(q)× with s 	= t . The left-hand side of this equation is T(s+t)γ by Eq. (6), while
the right-hand side is Tsγ +Ttγ = T(sγ +tγ ) from Eq. (6) and the additivity of Tr. Hence T(s+t)γ =
Tsγ +tγ , which implies that
(s + t)γ = sγ + tγ
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GF(q). Thus γ is a GF(2)-linear map.
On the other hand, φ is multiplicative, that is, (xy)φ = xφyφ (x, y ∈ GF(q)), because φ(X) is
a monomial polynomial. Then φσ , 1 − φσ and φ − 1 are multiplicative as well. Thus it follows
from Eq. (4) that γ is multiplicative on GF(q)× and hence on GF(q).
As γ is both additive and multiplicative, γ lies in Gal(GF(q)/GF(2)). The claim (2) is es-
tablished. 
We will verify an alternative description of γ :
φ = γ + 1
γ + σ . (7)
This can be verified as follows. From the definition of γ , we have γ (φ − 1) = 1 − φσ . Then
φγ −γ = 1−φσ , from which we have φ(γ +σ) = γ +1. If γ +σ is shown to be a bijection, then
we have Eq. (7). Thus it suffices to show that γ +σ is a bijection. Observe that (φ−1)(γ +σ) =
φ(γ + σ) − (γ + σ) = γ + 1 − (γ + σ) = 1 − σ. Since φ(X) is an o-polynomial, φ − 1 is a
bijection. As σ is a generator of Gal(GF(q)/GF(2)), σ −1, and hence 1−σ is a bijection. Then
it follows from the above equation that γ + σ = 1−σ
φ−1 is a bijection on GF(q).
Next we will verify that one of the conditions in Theorem 1 holds. In fact, this holds under
the mild assumption that φ(X) ∈ GF(2)[X], as the proof below shows.
Lemma 5. The integer d is even.
Proof. Suppose that d is odd. We will derive a contradiction. As d +1 is even, there is a subfield
L of GF(q) isomorphic to GF(4). Let ω be an element of L not in GF(2). Then L× = {1,ω,ω2}
and ω3 = 1. By the definition of γ (Eq. (4)), we have (φ − 1)γ = 1 − φσ . Applying both sides
of this equation to the element ω, we have
(
ωφ/ω
)γ = ω/ωφσ . (8)
As φ(X) is a polynomial with coefficients in GF(2), we have ωφ ∈ L. By the definition of an
o-polynomial, the map φ is a bijection on GF(q) with 0φ = 0 and 1φ = 1. Then ωφ 	= 0 and
ωφ 	= 1, as ω 	= 0 and ω 	= 1. Hence ωφ = ω or ωφ = ω2. Notice that ωφ 	= ω, for otherwise
ωφ−1 = ωφ/ω = ω/ω = 1 = 1φ−1, which contradicts that φ − 1 is a bijection on GF(q)×. Thus
ωφ = ω2.
On the other hand, L is invariant under the Galois group Gal(GF(q)/GF(2)). Then ωσ ∈ L.
As σ is a generator of Gal(GF(q)/GF(2)), an element of GF(q) is fixed by σ if and only if it
lies in GF(2). Since ω is not contained in GF(2), it follows that ωσ does not lie in {0,1,ω}. Thus
ωσ = ω2.
Substituting equations ωφ = ω2 = ωσ obtained above into Eq. (8), the left-hand side of Eq. (8)
is calculated to be (ωφ/ω)γ = ωγ , while the right-hand side is ω/ωφσ = ω/ω4 = 1/ω3 = 1.
Hence we have ωγ = 1. However γ is a bijection with 1γ = 1, which is a contradiction. This
contradiction shows that d is even. 
From Lemmas 2 and 5, the map h is an alternating form on a space GF(q) of odd dimension
d + 1. Hence h is degenerate, that is, there exists
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This nonzero element is denoted by z throughout the rest of the paper.
The next lemma is crucial in the proof, although it is a bit technical and requires some straight-
forward calculations.
Lemma 6. For every t ∈ GF(q) with Tr(t(φσ−1)/(1−σ)z) = 0, there exists k ∈ GF(q) which sat-
isfies kγ 2/σ = k and t (φσ−1)/(1−σ)z = k + kσ .
Proof. If t = 0, the conclusion holds for k = 0. Thus we may assume that t 	= 0. Fix any t ∈
GF(q)× which satisfies Tr(t(φσ−1)/(1−σ)z) = 0.
By the choice of t ∈ GF(q)×, it follows from Lemma 3 that
z ∈ Ker(Tt(φσ−1)/(1−σ) ) = Y(t) =
{
yσ t + ytφ ∣∣ y ∈ GF(q)}.
Then there exists y ∈ GF(q)× with z = yσ t + ytφ . Thus (y, z) = (y, yσ t + ytφ) is a vector of V
which is contained in a member X(t) of Sd+1σ,φ . Choose any x ∈ GF(q) and set
a := xσ t + xtφ.
Then we have (x, a) = (x, xσ t + xtφ) ∈ X(t). Since Sd+1σ,φ is of polar type, X(t) is a totally
isotropic subspace with respect to f . Then we have
0 = f ((y, z), (x, a))= g(y, a) + g(x, z) + h(z, a)
= Tr(yγ a)+ Tr(xγ z)+ 0 (9)
by Eqs. (3) and (5), and the property that h(z, a) = 0 for all a ∈ GF(q). Substituting a =
xσ t +xtφ into (9), the last term of Eq. (9) equals to Tr(yγ (xσ t +xtφ))+Tr(xγ z). Since Tr is in-
variant under the action of 1/σ ∈ Gal(GF(q)/GF(2)), this value coincides with Tr(yγ/σ t1/σ x)+
Tr(yγ tφx)+ Tr(zxγ ). Since Tr is invariant under the action of γ ∈ Gal(GF(q)/GF(2)), this im-
plies that Eq. (9) is equivalent to
Tr
((
yγ
2/σ tγ /σ + yγ 2 tφγ + z)xγ )= 0.
As γ is a bijection, xγ ranges over all elements of GF(q). Hence we have yγ 2/σ tγ /σ +yγ 2 tφγ +
z = 0. Since z = yσ t + ytφ , we finally have
yγ
2/σ tγ /σ + yγ 2 tφγ + yσ t + ytφ = 0. (10)
We multiply the both sides of Eq. (10) by t (φσ−1)/(1−σ). The product of t (φσ−1)/(1−σ) with
the first term of the left-hand side of Eq. (10) is
(
yγ
2/σ tγ /σ
) · t (φσ−1)/(1−σ) = yγ 2/σ tα,
where α is calculated as follows using Eq. (4):
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σ
+ φσ − 1
1 − σ =
(
1 − φσ
φ − 1
)
1
σ
+ φσ − 1
1 − σ
= (1 − φσ){(1 − σ) + (−σ)(φ − 1)}
σ(1 − σ)(φ − 1)
= (1 − φσ)(1 − φσ)
σ (1 − σ)(φ − 1) =
γ 2(φ − 1)
σ (1 − σ) .
The product of t (φσ−1)/(1−σ) with the second term is (yγ 2 tφγ ) · t (φσ−1)/(1−σ) = yγ 2 tβ, where β
is calculated as follows using Eq. (4):
β = φγ + φσ − 1
1 − σ =
φ(1 − φσ)
φ − 1 +
φσ − 1
1 − σ
= (φσ − 1){−φ(1 − σ) + φ − 1}
(φ − 1)(1 − σ) =
(φσ − 1)2
(φ − 1)(1 − σ) =
γ 2(φ − 1)
1 − σ .
The product of t (φσ−1)/(1−σ) with the third term is (yσ t) · t (φσ−1)/(1−σ) = yσ tδ, where δ is
calculated as follows using Eq. (4):
δ = 1 + φσ − 1
1 − σ =
(1 − σ) + (φσ − 1)
1 − σ =
σ(φ − 1)
1 − σ .
The product of t (φσ−1)/(1−σ) with the fourth term is (ytφ) · t (φσ−1)/(1−σ) = ytε, where ε is
calculated as follows using Eq. (4):
ε = φ + φσ − 1
1 − σ =
φ(1 − σ) + (φσ − 1)
1 − σ =
φ − 1
1 − σ .
Thus it follows from Eq. (10) that
yγ
2/σ (t (φ−1)/(1−σ))γ 2/σ + yγ 2(t (φ−1)/(1−σ))γ 2 + yσ (t (φ−1)/(1−σ))σ + yt(φ−1)/(1−σ) = 0,
which can be written as follows, since σ is additive and multiplicative:
{[
yt(φ−1)/(1−σ)
]γ 2/σ + yt(φ−1)/(1−σ)}σ = [yt(φ−1)/(1−σ)]γ 2/σ + yt(φ−1)/(1−σ).
Since σ is a generator of Gal(GF(q)/GF(2)), this implies that
[
yt(φ−1)/(1−σ)
]γ 2/σ + yt(φ−1)/(1−σ) = 0 or 1.
Set k := yt(φ−1)/(1−σ). Then kγ 2/σ = k or k + 1 by the above equation. Suppose kγ 2/σ =
k + 1. Then we have
k(γ
2/σ )2 = (k + 1)γ 2/σ = kγ 2/σ + 1 = k.
That is, k is fixed by an element (γ 2/σ)2 of Gal(GF(q)/GF(2)). Since d is even, Gal(GF(q)/
GF(2)) is a cyclic group of odd order. Then the order of γ 2/σ ∈ Gal(GF(q)/GF(2)) is odd as
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contradicts that kγ 2/σ = k + 1. Thus we verified that kγ 2/σ = k.
Moreover, since y = kt(φ−1)/(σ−1), we have
z = yσ t + ytφ = kσ · t σ(φ−1)+(σ−1)σ−1 + kt (φ−1)+φ(σ−1)σ−1
= kσ t(σφ−1)/(σ−1) + kt(σφ−1)/(σ−1) = (kσ + k)t (σφ−1)/(σ−1).
Hence we have t
σφ−1
1−σ z = kσ + k, which shows the lemma. 
Proof of Theorem 1. Set K = {k ∈ GF(q) | kγ 2/σ = k}, a subfield of GF(q). We first show that
K = GF(q). Take any x ∈ GF(q). If x = 0 or 1, x is contained in K. Assume that x /∈ GF(2).
Then we have xσ + x 	= 0, and z/(xσ + x) can be defined. Notice that (φσ − 1)/(σ − 1) is a
bijection, because it is the product of bijections σφ − 1 = γ (1 − φ) and 1/(σ − 1). Thus there
exists t ∈ GF(q)× satisfying z/(xσ + x) = t (φσ−1)/(σ−1), or equivalently
zt(σφ−1)/(1−σ) = xσ + x.
Then we have Tr(zt(σφ−1)/(1−σ)) = 0. From Lemma 6, there exists k ∈ K with zt(σφ−1)/(1−σ) =
kσ + k. Hence xσ + x = kσ + k, or equivalently (x + k)σ = x + k. Thus x + k is contained in
GF(2) ⊆ K . Then we have x ∈ K . Hence K coincides with GF(q).
By the definition of K , we conclude that γ 2/σ = idGF(q), or equivalently γ 2 = σ . Then it
follows from Eq. (7) that
φ = (γ + 1)/(γ + σ) = (γ + 1)/(γ + γ 2)= (γ + 1)/γ (γ + 1) = 1/γ.
As γ ∈ Gal(GF(q)/GF(2)), this implies that φ ∈ Gal(GF(q)/GF(2)). Furthermore, φ2 =
1/γ 2 = 1/σ , and hence σφ2 = idGF(q). This together with Lemma 5 proved all the claims in
Theorem 1. 
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